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We use the latest solution of the ephemeris INPOP (19a) in order to improve our previous con-
straint on the existence of a Yukawa suppression to the Newtonian potential, generically associated
to a graviton’s mass. Unlike the ephemeris INPOP17a, several residuals are found to degrade sig-
nificantly at roughly the same amplitudes of the Compton wavelength λg. As a consequence, we
introduce a novel statistical criterion in order to derive the constraint with INPOP19a. After check-
ing that it leads to a constraint consistent with our previous result when applied on INPOP17b,
we apply the method to the new solution INPOP19a. We show that the residuals of Mars orbiters,
Cassini, Messenger, and Juno, degrade significantly when λg ≤ 3.43 × 1013 km with a 99,7% con-
fidence level—corresponding to a graviton mass bigger than 3.62× 10−23 eV/c2. This is a stronger
constraint on the Compton wavelength than the one obtained from the first gravitational-wave tran-
sient catalog by the LIGO-Virgo collaboration in the radiative regime, since our 90% C.L. limit reads
λg > 3.93× 1013 km (mg < 3.16× 10−23 eV/c2).
I. INTRODUCTION
It has long been suggested that solar system observa-
tions could be used to put stringent constraints on the ex-
istence of a Yukawa suppression of the Newtonian poten-
tial [1], which is generically associated to the hypothesis
that the gravitational field may possess a mass [2, 3]. In
a recent publication [4], we used the planetary ephemeris
INPOP17b to constrain the Compton wavelength in the
Yukawa suppression to be larger than 1.83× 1013 km at
the 90% C.L— corresponding to a mass of the gravita-
tional field smaller than 6.76 × 10−23 eV/c2. INPOP
(Inte´grateur Nume´rique Plane´taire de l’Observatoire de
Paris) [5] is a planetary ephemeris that is built by inte-
grating numerically the equations of motion of the main
planets, the Moon and 14000 asteroids of our the Solar
System following the formulation of [6], and by adjusting
to Solar System observations such as lunar laser rang-
ing or space mission observations. With the constant
improvement of the solar system model and the perma-
nent addition of new data, new versions of the ephemeris
are derived and distributed on a regular basis since 2006
[5, 7–9]. The new solution INPOP19a benefits from the
use of 9 Jupiter very accurate positions deduced from
the Juno mission. It also benefits from new Cassini data
including i) data obtained during the final phase of the
mission in 2017 (labelled Grand Finale here) and ii) Nav-
igation and Gravity flybys data obtained between 2006
and 2016 (labelled r in the following). Both data sets
were analysed from raw recordings by our team, focus-
ing specifically on uncertainty estimation. In INPOP17b,
Cassini data were also used but with a more limited time
coverage (from 2004 to 2014) and were produced by JPL
[10] but without a clear estimation of the uncertainties.
In [11], one will find the details on our Cassini data anal-
ysis and on deduced uncertainties whereas full compar-
isons with INPOP17a are given in [9]. INPOP19a shows
also improvements relative to INPOP17b thanks to the
introduction in the dynamical modeling of the pertur-
bation of a Trans-Neptunian Objects (TNO) ring [11].
Indeed, as explained in [11, 12], the use in INPOP of the
very accurate positions of Saturn obtained during the
last phase the Cassini mission (Grand Finale), requires
the introduction in the dynamical modeling of the pertur-
bations induced by Trans-Neptunian objects for a better
representation of the Grand Finale observations. Such an
introduction has been done in using a ring potential with
a mass estimated with the INPOP19a adjustement.The
estimation of this mass has been published in [11] and
constraints on the unknown P9 planets have also been
obtained with this modeling [12] Overall, by comparing
with INPOP17b, the accuracy of Jupiter orbit was im-
proved by two orders of magnitudes. For Saturn, the
improvement between INPOP17a and INPOP19a is of a
factor 30 for the Grand Finale and 2.6 for the period be-
tween 2006 and 2016. More details of this update can be
found in[11, 12].
Statistics on the residuals of various INPOP solutions
are sometimes used in order to derive constraints on vari-
ous alternative theories, e.g. [13]. However, we explained
in our previous publication [4] that doing so tends to
overestimate the constraints on alternative theories. The
reason being that the fit to the data is model dependent.
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2Hence, the fitted parameters of the INPOP ephemerides
are in general valid for general relativity only. Meaning
that for alternative theories, the best fit of the parame-
ters will in most cases be different from the ones obtained
while assuming general relativity. Alternative theory pa-
rameters are indeed usually highly correlated to other
parameters of the ephemeris [4], such that potential ef-
fects of alternative theories could be in part absorbed by
the modification of other parameters of the ephemeris.
Therefore, a rigorous estimation of the constraint on al-
ternative theory parameters calls for a new global fit of
the ephemeris parameters to the data in the framework
of the considered alternative theory.
To do so in the framework of a Yukawa suppression of
the Newtonian potential, we start off with an ephemeris
that assumes general relativity (INPOP17b or 19a). We
then add the extra acceleration term that is due to the
Yukawa suppression to the numerical integrator, which,
at the leading perturbative order, reads [4]
δai =
1
2
∑
P
GMP
λ2g
xi − xiP
r
, (1)
for a set of values of λg between 10
13 and 1014 km . Next
we re-perform a global fit of the INPOP parameters to
the data according to the procedure described in [14] for
each value of λg. We then evaluate statistically the level
of λg at which the residuals are too degraded with respect
to the original solution. In this work, we presents results
obtained while using the latest updated ephemeris, IN-
POP19a. Contrary to what happened with INPOP17b
for which only the residuals deduced from the Cassini ra-
dio experiment were significantly degraded with the con-
sidered values of λg, residuals from several different data
sets and planets—not only Cassini and Saturn—degrade
simultaneously with INPOP19a (see Fig. 2). Therefore,
in order to take into account all the degradations simulta-
neously, we derived a new statistical method with respect
to our previous publication [4], which we shall present
now.
II. GLOBAL OBSERVATIONAL χ2
CONSTRAINT
Now, lets consider that the global fit of the ephemeris
parameters has already been performed, such that the
residuals are minimized for each value of λg. Let us con-
sider such a solution for a given value of λg and we then
define its observational χ2
nχ2(λg) =
∑
Ωj
nj
σ2j (λg)
σ2o,j
(2)
where Ωj are the different observational sets that we get
from different sources (Cassini, Messenger, optical etc.),
nj is the number of points of each data sets, n =
∑
j nj is
the total number of observations, σo,j is the experimen-
tal uncertainty of observation j, and σ2j (λg) is the stan-
dard dispersion of the residuals between the simulated
observables with a Yukawa suppression with a Compton
wavelength λg and the observations of the set j. We note
χ2(∞) = χ2r, the observational χ2 of the reference solu-
tion. If the residuals are in a linear vicinity of 0 and
follow a Gaussian distribution, nχ2 follows a n degrees
of freedom χ2 law, and that when n→∞
z(λg) =
√
n
2
(χ2(λg)− χ2r) −−−−→
n→∞ N (0, 1) (3)
In other words, z tends to follow a normal distribution
centered around 0 and of standard dispersion equal to 1.
However, we have tested that some observations are al-
most insensitive to the Yukawa suppression, so we don’t
need to compute all the simulations of the observations.
We show in the next section how sensitive or non-sensitive
observations were chosen in this study. According to
each specific alternative theory, each ephemeris can have
its sensitive and non-sensitive observational data and
they should all be analysed case-by-case. In INPOP,
the weights correspond to the observational uncertain-
ties. Under these assumptions, let Ω be the set of all the
observations, and Ω˜ the set of sensitive observations with
n˜ the total number of sensitive observations, and
n˜χ˜2 =
∑
j∈Ω˜
nj
σ2j (λg)
σ2o,j
(4)
Let us assume that if j is a non sensitive observational
dataset, we have σj(λg) = σr,j (where the label r indi-
cates the reference ephemeris , here INPOP19a). Under
these assumptions, a straightforward calculation leads to
χ2(λg)− χ2r =
n˜
n
(χ˜2(λg)− χ˜2r) (5)
However, it appears that the observational uncertainties
of the sensitive observations are very close to the stan-
dard dispersions of the reference solution, such that we
can set
∀j ∈ Ω˜, σr,j = σo,j (6)
without loss of generality. Indeed, for the reference solu-
tion (here INPOP19a), we have χ2r ≈ 1.0036. A straight-
forward differential calculation shows that in order to get
χ2r = 1 modifying only the observational uncertainties,
each σo,i should be modified as follows
δσo,i = (χ
2
r − 1)
niσ
2
r,i
σ3o,i
(
2
∑
Ωi
n2iσ
4
r,i/σ
6
o,i
)−1
. (7)
Since we have σr,i ≈ σo,i, we get
δσo,i ≈ 1
2
(χ2r−1)
1 +∑
j 6=i
njσ
2
o,i
niσ2o,j
−1 ≤ χ2r − 1
2
≈ 0.2%.
(8)
3Therefore, modifying σo,i by less than 0.2% would be
enough to set χ2r to 1. On another hand, we know that the
observational uncertainties are difficult to estimate with
accuracy as they are the combination of several contri-
butions (instrumental uncertainties, calibrations, uncom-
plete modelings etc...). Therefore it is legitimate to set
χ˜2r = 1 in what follows. Eq. (5) then becomes
χ2(λg)− χ2r =
n˜
n
(χ˜2(λg)− 1). (9)
From here, using (3), we see that
z(λg) =
√
n˜
2
(χ˜2(λg)− 1), (10)
follows a 0-centered normal distribution of dispersion
equal to 1. We can then compute the likelihood of each
ephemeris :
L(λg) = 1− 1√
2pi
∫ z(λg)
−∞
exp
(
−x
2
2
)
dx. (11)
This quantity is interpreted as the probability of a tested
theory to be likely—here, the Yukawa suppression of the
Newtonian potential. For the reference solution, we have
Lr = 1/2. This means that a tested theory which re-
produces the same L that the reference solution has as
many chances to be a better theory than a worse one,
with respect to the reference solution. In this case, the
residuals are the same or very close to the one of the ref-
erence. If L > 1/2, the theory is said to be better than
the reference solution, with smaller residuals. If L < 1/2,
the theory is said to be worse, following a degradation of
the residuals. With this method we can detect if some
values of λg improve or degrade the residuals. If L be-
comes very close to 1, then the theory is said to be much
better than the reference theory. In order to compare
our result to the existing literature, we consider a 90%
C.L criterion, corresponding to L(λg) < 0.1. Neverthe-
less, as for the classical gaussian distributed variable, we
also take the equivalent of the 3-σ criterion : theories for
which L(λg) < 0.003 will be rejected with a probability
of 99.7%. Table II gives the constraints on λg according
to different criteria.
III. RESULTS AND DISCUSSION
A. Results with INPOP17b
Before using this test with INPOP19a, let us confirm
that the new criterion defined in the previous section
gives consistent results compared to the one obtained
with INPOP17b [4]. We had already computed the resid-
uals standard dispersion with respect to λg. With IN-
POP17b the Cassini residuals are the by far the most
sensitive to the Yukawa suppression (see Fig. 1 of the
Supplemental Materials of [4]). When the the residuals
FIG. 1. Likelihood for each value of λg of the Yukawa sup-
pression deduced from INPOP17b. The horizontal segment
represents the 90% confidence limit; while the red vertical
segment indicates the value of λg at that limit. The shaded
area is the exclusion region. The likelihood is given for each
point of the considered set of values for λg. In order to be
conservative, we identify first the lowest value of λg such that
L(λg) is still above the threshold, and then we consider the
next (lower) value to this one as our constraint. The same
procedure is applied in figures 3 and 4. The constraint reads
λg > 1.82× 1013 km at the 90% C.L.
of the other data begin to increase, the ones from Cassini
are already too big to be acceptable. Therefore, the sen-
sitive χ˜2(λg) is limited to Cassini data and Eq. (10)
reduces to
z(λg) =
√
n˜
2
(
σ2Cassini(λg)
σ2Cassini(ref)
− 1
)
, (12)
where n˜ is the number of observations of Cassini in IN-
POP17b and σCassini(ref) is the INPOP17b standard
deviation for Cassini. From the statistics of the residu-
als in [4], one can directly deduce the likelihood of the
massive graviton when INPOP17b is taken as a reference
solution. We show this in Fig. 1, where we focus on the
90% C.L limit. Our new statistical method applied on
the residuals obtained in [4] lead to λg > 1.82× 1013 km
at the 90% C.L; whereas the method that was used in
[4] led to λg > 1.83 × 1013 km at the 90% C.L. As the
results obtained with the two criteria are consistent, we
can state that the likelihood criterion described above is
validated.
B. Results with INPOP19a
Following the same procedure as explained in [4], we
computed 576 ephemerides with fixed values of λg from
1013km to 1014km, fitting all the other parameters of the
model for finding the optimal solution. For each of them
we computed χ˜2(λ) defined in Eq. (4) and then deduced
the likelihood. We do 26th iteration for each value of λg
4TABLE I. Summary of the the data sets and their average ob-
servational uncertainties σr, in meters. Messenger data where
provided by [15]. “Cassini JPL” data are those given by JPL
[10]. Cassini Navigation and Gravity flybys data and Grand
Finale are those reduced by our team [9, 11].
Observations # dates σr (m)
Messenger 1065 2011-2014 4.1
Mars Express 27849 2005-2017 2.0
Mars Odyssey 18234 2002-2014 1.3
Cassini JPL 166 2004-2014 25
Cassini Navigation and Gravity flybys 614 2006-2016 6.1
Cassini Grand Finale 9 2017 2.7
Juno 9 2016-2018 18.5
in order to have a convergence of the parameters in each
case. The sensitive observations that were retained for
the computation of L(λg) are summarized in Table I. All
the data used for the adjustment procedure, sensitive or
not, are listed in the documentation of INPOP19a [9]. To
have the same kind of data in the statistical computation,
we computed a daily average of Mars Express and Mars
Odyssey such that there are 5993 Marsian points. From
this and Table I we get n˜ = 7856 and accordingly we can
compute L(λg) of Eq. (11).
We show the residual standard dispersions of the most
sensitive observations in Fig. 2. We note that, contrary
to the results obtained with INPOP17a [4], the consid-
ered residuals now degrade roughly simultaneously. How-
ever, as λg decreases, Cassini and Messenger are the first
degraded residuals, the ones for Mars come just after,
and Juno residuals are the least to be degraded. We note
that the residuals of Cassini reduced by our team [9, 11]
increase around λg = 3×1013km, then decrease, then , at
last, increase significantly around 2.5 × 1013km. We ob-
serve the same behaviour, whereas less significantly, with
the JPL Cassini data. Mars data has a more monotonic
behavior.
Here we can see that the Pearson test that we used for
INPOP17b in [4] would not have been possible with IN-
POP19a since several observational data sets have their
residuals degraded at the same time. Indeed, the degra-
dation of the residuals due to the Yukawa suppression
is better distributed on the several data sets than in IN-
POP17b, thus a global analysis and a global criterion was
necessary.
In Fig. 2, we also see the evolution of the residual stan-
dard dispersion of Venus Vex mission. One can see that
when they are significantly degraded for low values of λg,
all the other residuals are already high. One can deduce
that Venus Vex mission will not contribute directly to
constrain the Yukawa suppression. This example illus-
trates how we have chosen the sensitive observations and
the non sensitive observations for INPOP19a. We have
taken the example of Venus because it was the most sen-
sitive set of data that was removed, but according to this
process, more than half of the observations were not sen-
FIG. 2. The standard dispersion of each sensitive data sets
residuals have been plotted with respect to the Compton
wavelength of the graviton. We have removed the standard
dispersion of the reference solution residuals to each data sets
(see Table I). ”Cassini JPL” corresponds to data provided by
JPL, ”Cassini r” corresponds to the Cassini Navigation and
Gravity flybys data reduced by our team, ”Cassini GF” corre-
sponds to the Grand Finale of Cassini, and Mars correspond
to a daily average of the data of Mars Odyssey and Mars
Express.
FIG. 3. Likelihood for each value of λg of the Yukawa sup-
pression from INPOP19a. The horizontal line represents the
99.7% confidence limit; while the vertical line indicates the
value of λg at that limit. The shaded area is the exclusion re-
gion. The constraint reads λg > 3.43× 1013 km at the 99.7%
C.L.
sitive and removed. It is important to note that even if
only the sensitive data were used for the statistical crite-
rion, all of them were used for the adjustment procedure.
We then compute L(z(λg)) for the selected data sets
and we get Fig. 3. As expected, the results of the simula-
tion tell us that L(z(λg)) reaches very low values for low
values of λg and converges to 1/2 when λg tends to infin-
ity. In order to be conservative, we first find the lowest
5value of λg such that L(λg) is still above a given thresh-
old (e.g. 0.1 or 0.003). We then identify the next (lower)
value to this one as our constraint. The results read
λg > 3.93× 1013 km at the 90% C.L, λg > 3.43× 1013
km at the 99.7% C.L, and λg > 2.69 × 1013 km at the
99.99997% C.L. This is a significant improvement of our
previous constraint. In particular, let us note that our
90% C.L. constraint is now stronger than the one re-
ported by the LIGO-Virgo collaboration in the radiative
limit from the first gravitational-wave transient catalog
[16]—which reads λg ≥ 2.6× 1013km (mg ≤ 4.7× 10−23
eV/c2) at the 90% C.L. This can be explained by the very
good update of our planetary ephemeris INPOP from IN-
POP17b to INPOP19a—as it has been discussion in the
introduction. As we have said in our previous work [4],
we remind that the fact that our constraint has the same
order of magnitude that the one of LIGO-Virgo collabo-
ration is a pure coincidence, because they check different
phenomenology from different types of data: orbital in
our study and radiative in LIGO-Virgo collaboration’s
work [16]. Finally, one can notice that the fit procedure
works better here than in INPOP17b, because most of
the sensitive data sets (Messenger, Mars range missions,
Cassini, Juno) are degraded simultaneously for higher
values of λg, whereas in INPOP17b, only Cassini were
significantly degraded [4]. This probably shows that the
errors are more balanced between the different observa-
tions in INPOP19a.
In [4], we noted that our result also constrains the fifth
force formalism. This force transforms the Newtonian
potential into V (r) = VNewton(r)(1 + αexp(−r/λ)). In-
deed, we had shown that our constraint on λg could be
converted on a constraint on a combination of the fifth
force parameters λ/
√
α if λg  r and α  1. In order
to encompass both negative and positive values of α, we
also performe the same numerical simulations with an
opposite term for the additional acceleration of Yukawa
suppression. We report the result in Fig. 4. If α < 0, the
limit reads λ/
√|α| > 3.77 × 1013 km at the 90% C.L,
and λ/
√|α| > 3.02×1013 km at the 99.7% C.L. Whereas
if α > 0, the limit reads λ/
√|α| > 3.93 × 1013 km at
the 90% C.L, λ/
√|α| > 3.43 × 1013 km at the 99.7%
C.Land λ/
√|α| > 2.82× 1013 km at the 99.99997% C.L.
As one could have expected, one gets similar results for
negative and positive values of α.
IV. CONCLUSION
We used a new statistical criterion to infer the con-
straint on a Yukawa suppression of the Newtonian
potential—generically associated to a massive gravity
theory—at the Solar system scales by using a global fit
with planetary ephemeris. The new method is based
on the global observational χ2 analysis and a likelihood
criterion. After verifying that the new criterion led to
the same result as our former (less general) one when
FIG. 4. Likelihood with respect to the fifth force parame-
ters λ/
√−α for INPOP19a with negative values of α. The
horizontal line represents the 99.7% confidence limit; while
the vertical segment indicates the value of λg at that limit.
The shaded area is the exclusion region. The constraint reads
λ/
√−α > 3.02× 1013 km at the 99.7% C.L.
applied to INPOP17b, we applied this analysis on our
new ephemeris INPOP19a. The constraint reads λg >
3.43×1013 km (or mg < 3.62×10−23 eV/c2) with a 99.7%
confidence level. For the fifth force theory, if λ  r and
α 1 the constraint reads λ/√|α| > 3.02× 1013 km if
α < 0, and λ/
√|α| > 3.43 × 1013 km if α > 0, with a
99.7% confidence level.
This is a significant improvement with respect to our
previous constraint with INPOP17b. In particular, we
noted that our 90% C.L. constraint is now stronger than
the one given by the LIGO-Virgo collaboration in the
radiative limit from the first gravitational-wave transient
catalog [16]—although we wish to remind the reader that
constraints from gravitational waves and from solar sys-
tem ephemeris are complementary since they test differ-
ent effects that could be explained by a massive graviton.
We expect further improvements in the future thanks to
new data from spatial probes—in particular from Juno
and BepiColombo in a near future—and to potential im-
provements of the the Solar System model.
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